Let X be an infinite-dimensional separable real or complex Banach space and A a closed standard operator algebra on X. Then every local automorphism of A is an automorphism. The assumptions of infinitedimensionality, separability, and closeness are all indispensable.
Introduction and statement of the main result
Let X be a real or complex Banach space. We denote by B(X) the algebra of all bounded linear operators on X and by F(X) ⊂ B(X) the ideal of all finite rank operators. A (not necessarily closed) subalgebra A ⊂ B(X) is called standard if F(X) ⊂ A. It was proved by Chernoff [3] that every automorphism φ of a standard operator algebra A is spatial, that is, there exists an invertible T ∈ B(X) such that φ(A) = T AT −1 , A ∈ A. In 1990, Kadison, and Larson and Sourour [4, 6] initiated the study of local derivations and local automorphisms. Let B be an algebra. Then a linear map φ : B → B is called a local automorphism if for every x ∈ B there exists an automorphism φ x : B → B (depending on x) such that φ(x) = φ x (x). The question is, of course, under what conditions every local automorphism must be an automorphism. There is a vast literature on local maps. Many references can be found in the book [7] .
Larson and Sourour [6] proved that every surjective local automorphism of B(X) is an automorphism provided that X is infinite-dimensional. They ob-served that local automorphisms have many preserving properties. For example, every local automorphism maps invertible elements into invertible elements, idempotents into idempotents, etc. Now, all we need to do to obtain their result is to apply any of known linear preserver results on the algebra B(X). It is well-known that for most of linear preserver results in the infinite-dimensional case the bijectivity (or at least the surjectivity) assumption is essential (see, for example [2] ). Without this assumption linear preservers may have a rather wild structure.
However, when studying local automorphisms of B(X) or more general operator algebras, the surjectivity assumption does not seem to be natural. And indeed, in [1] it was proved that every local automorphism (no surjectivity is assumed) of B(X) is an automorphism provided that X is an infinite-dimensional separable Hilbert space. We will extend this result to the Banach space setting. Moreover, we will consider not only full operator algebras but more general closed standard operator algebras.
Theorem 1 Let X be an infinite-dimensional separable real or complex Banach space and A a closed standard operator algebra on X. Then every local automorphism of A is an automorphism.
As already observed by Larson and Sourour [6] , the infinite-dimensionality assumption is indispensable in this result. We will next show that the above result does not hold without the closeness assumption. Let H be an infinitedimensional separable Hilbert space. Then H can be identified with the orthogonal direct sum of two copies of H, H ≡ H ⊕ H. Hence, B(H) can be identified with B(H ⊕ H), that is, with the algebra of 2 × 2 matrices whose entries are elements of B(H). A linear map φ :
is easily seen to be a local automorphism that is not an automorphism (it is not surjective). In the case that H is a non-separable Hilbert space we take the closed standard operator algebra K(H) consisting of all compact operators acting on H. Once again we can identify K(H) with K(H ⊕ H) and define a linear map φ : K(H) → K(H) ≡ K(H ⊕ H) with the same formula as above. Such a φ is a local automorphism that is not an automorphism.
Proof
Let X denote the dual space of X. For every nonzero x ∈ X and f ∈ X we denote by x ⊗ f ∈ F(X) the rank one operator defined by (x ⊗ f )z = f (z)x, z ∈ X. Note that every rank one operator can be written in this form.
As X is separable we can use the Ovsepian-Pelczyński's result on the existence of a fundamental total bounded biorthogonal system [8] to find sequences (w n ) ⊂ X and (g n ) ⊂ X such that
• g m (w n ) = δ m,n (the Kronecker symbol), m, n = 1, 2, . . .
• The linear span of (w n ) is dense in X.
• If x ∈ X and g n (x) = 0, n = 1, 2, . . ., then x = 0.
• sup{ w n g n : n = 1, 2, . . .} < ∞.
Since A is closed and R is a limit of finite rank operators, we have R ∈ A. As φ is a local automorphism and since every automorphism of a standard operator algebra is spatial, we can find an invertible operator T R ∈ B(X) such that
A ∈ A, we may assume that φ(R) = R. It is easy to verify that
If A is not unital, then we extend our local automorphism φ to the unitization FI ⊕A (here F denotes either the real field, or the complex field) by φ(λI +A) = λI + φ(A). It is trivial to see that this extension is again a local automorphism. Thus, we may, and we will assume that algebra A is unital. As φ is a local automorphism we can find for every A ∈ A an invertible operator T A ∈ B(X) such that φ(A) = T A AT
−1
A . In particular, φ preserves rank, that is, rank φ(A) = rank A for every A ∈ F(X) ⊂ A. It follows (see for example [5, Theorem 2.1]) that either there exist injective linear operators T : X → X and S : X → X such that
or there exist injective linear operators T : X → X and S : X → X such that
Clearly, A ∈ A is bijective (note that bijectivity is not the same as invertibility as A −1 ∈ B(X) does not necessarily belong to A) if and only if φ(A) is bijective.
For arbitrary x ∈ X, f ∈ X , and bijective A ∈ A, the operator A − x ⊗ f is non-bijective if and only if I − (A −1 x) ⊗ f is non-bijective. This holds if and only if f (A −1 x) = 1.
Assume now that we have the possibility (1). Then the above two paragraphs yield that for arbitrary x ∈ X, f ∈ X , and bijective A ∈ A we have
By linearity,
for every x ∈ X, f ∈ X , and every bijective A ∈ A. Let now A ∈ A be any operator. For all scalars λ with |λ| > A we have
Consequently,
holds for every nonnegative integer k.
In particular,
for all positive integers m, n, k. For fixed m and n we get
The analytic functions z → δ m,n z n and
coincide at points z k = 1 2 k . By the uniqueness principle, they are the same. It follows that [(Sg m )(w j )]g j (T w n ) = 1 whenever m = n = j, and [(Sg m )(w j )]g j (T w n ) = 0 otherwise. Hence, for every pair of positive integers p, q we have g p (T w p ) = α p = 0 and (Sg q )(w q ) = β q = 0.
Thus, for p = q the equality [(Sg q )(w q )]g q (T w p ) = 0 yields g q (T w p ) = 0. This further implies that for a fixed positive integer n we have g k (T w n − α n w n ) = 0 for each positive integer k, and consequently, T w n = α n w n = 0, n = 1, 2, . . .
Hence, the image of T is dense in X.
Let us now prove that S is bounded. Assume that (f n ) ⊂ X tends to 0, while (Sf n ) → h ∈ X \ {0}. As the image of T is dense in X we can find x ∈ X such that h(T x) = 0. On the other hand, h(T x) = lim(Sf n )(T x). By (3) we have h(T x) = lim f n (x) = 0, a contradiction. The closed graph theorem yields that S is bounded. Similarly, we see that (Sg q − β q g q )(w k ) = 0, k = 1, 2, . . . As the linear span of (w k ) is dense, we conclude that Sg n = β n g n for every positive integer n. This further yields that T is bounded. Indeed, all we have to do is to see that if (x n ) ⊂ X is a sequence with lim x n = 0 and lim T x n = y, then y = 0. Assume on the contrary that this is not the case, that is, y = 0. It follows that we can find a positive integer k with g k (y) = 0. But then
Thus, both T and S are continuous. In order to prove that T is invertible in B(X) we apply the fact that it is an injective operator with a dense image. So, we only need to show that it is bounded below. Assume that this is not so. Then we can find (x n ) ⊂ X with x n = 1 and T x n < 1/n, n = 1, 2, . . . Choose a sequence of functionals (f n ) ⊂ X with f n (x n ) = 1 and f n = 1.
we get S > n, n = 1, 2, . . ., a contradiction. Hence, T is bijective, and thus the relation
forces S to be S = (T −1 ) . Thus, the special case of (3) with k = 1 can be rewritten as
implying that Ax = T −1 φ(A)T x for every x ∈ X and every A ∈ A. Thus, φ(A) = T AT −1 , A ∈ A, and we are done. It remains to consider the second case, that is, we assume that (2) holds. We follow the same line of arguments as in the first case. We show that
for every x ∈ X, f ∈ X , and every bijective A ∈ A, which leads to
for any positive integers m, n, k. Then we obtain T g m = α m w m = 0 and Sw n = β n g n = 0
for all positive integers m, n. Applying the equation f (x) = (Sx)(T f ), x ∈ X, f ∈ X , we prove that S and T are bounded. As in the first case we prove that T is bounded below and since its image is dense we conclude that T is bijective. Now, R − w 1 ⊗ f is non-injective for each f ∈ X with f (w 1 ) = 1 2 . It follows that R − (T f ) ⊗ (Sw 1 ) is non-injective for every such f . Since R is injective we have T f ∈ Im R for every f ∈ X satisfying f (w 1 ) = 1 2 . The set of all such functionals span X and since T is bijective we conclude that X ⊂ Im R.
Hence, the compact operator R is bijective, a contradiction. Thus, the second case cannot occur. This completes the proof.
